
Abstract. Using the newly developed multi-reference
coupled pair approximation program code, the adiabatic
potential curves of the ground states of F2, As2 and As�2
were calculated. Computed spectroscopic constants of
these molecules were found to be in good agreement
with experimental values. The resulting binding energy
of As2 (3.86 eV) was compared with the experimental
value of 3.99 eV [15] and the best multi-reference
con®guration interaction value (3.58 eV) reported pre-
viously by the present authors. The calculated ®rst
adiabatic ionization potential of As2 (9.67 eV) was found
to be in good agreement with the experimental result.
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1 Introduction

Recent developments in computational quantum chemis-
try increasingly show the importance of the adequate
treatment of electron correlation in the theory of the
electronic structure of atoms and molecules [1, 2]. As a
standard computational procedure for post-Hartree-
Fock calculations, the con®guration interaction (CI)
method is well established in the ®eld [3, 4]. It is, however,
well known that any truncated CI, including multi-
reference single and double excitation CI (MRSDCI),
su�ers from a principal di�culty, i.e. size inconsistency [5,
6]. Size inconsistency of truncated CI is caused by the lack
of con®gurations of the higher excitations responsible for
cancelling unlinked terms whose particle number depen-
dence is incorrect. As a result, the quality of truncated CI
calculations decreases as the number of correlating
electrons increases. This inconsistency may lead to, for

example, inappropriate or inaccurate potential energy
surfaces, ionization potentials, and electron a�nities.

The many body perturbation theory (MBPT) and the
closely related coupled cluster method (CCM) constitute
another predominant class of correlation method [5, 6].
Unlike truncated CI, both methods have the advantage
of size consistency at each level of approximation [7±9].
The applicability of these methods to real systems,
however, has been relatively limited to the case of a single
reference function. There are many cases where the use of
a set of multi-reference functions is required. It is noted
that some attempts to incorporate multi-reference func-
tions in MBPT/CCM have been made [10, 11].

Some trials to develop approximate size consistent
theories where one can take advantage of the simple
computational procedure of MRSDCI, for example av-
eraged coupled pair functional (ACPF) [12a], quasi de-
generate variation perturbation theory (QDVPT) [12b,
12c], and multi-reference coupled pair approximation
(MRCPA) [12d, 12e] have been performed. Their many
variations are reviewed by Szalay and Bartlett [12f ].

MRCPA was proposed by one of the authors (K.T.)
and co-workers and revealed the e�ectiveness of the
method ([12d, 12e], which will subsequently be referred
to as I and II, respectively). K.T. has developed a new
computer program code for MRCPA which utilizes a
symbolic energy expression ®le and a molecular integral
®le provided by Alchemy II [13] which can be used on
workstations. Here, this method is applied to the adia-
batic potential curves of the ground state of F2 and As2.
The lowest ionization potential of As2 is calculated. The
major aims are to apply the method to the system which
has a larger number of electrons than the systems con-
sidered in the previous papers (I and II), and to highlight
the performance of this method.

2 Method

The formal theory of the present method is described in
papers I and II. The equations to be solved are presented
in this section. This scheme is fundamentally one ofCorrespondence to: K. Tanaka
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multi-reference variants of coupled electron pair ap-
proximation [8, 9]. The present method, however, is
based on the perturbation theory by partitioning the
space spanned by con®guration state functions (CSFs)
into three parts: reference space, singly and doubly
excited CSFs and higher excited CSFs. The unperturbed
part of the electronic Hamiltonian matrix is a block
diagonal of the three parts. The reference space block of
the electronic Hamiltonian matrix was assumed to be
diagonalized and the reference functions compose the
zero-th order functions. The ®rst-order perturbation
theory led to a set of linear equations to determine the
coe�cients of the singly and doubly excited CSFs fC�1�jm g;XSD

j

fHmmdij ÿ HijgC�1�jm � Him ; �1�

where H designates an electronic Hamiltonian, m spec-
i®es one of the reference functions, and i and j run over
the singly and doubly excited CSFs. This level of
approximation is equivalent to the linearized version of
CCM [11i, 11j]. The approximate third-order equation
follows and is almost the same level as ACPF [12a] and
an extension of QDVPT [12c];XSD
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where Dmm is a contribution from the approximate
remaining term after the cancellation of the higher terms
by unlinked terms. The second term on the right-hand
side of Eq. (2) represents the coupling between reference
functions caused by the inclusion of electron correlation.
This term was not taken into account in papers I and II.
Although Eq. (2) provides an approximate size consis-
tent wave function, the wave function gives additive
separability of the total energy if the reference space
guarantees proper separation of a molecule into two
parts (for example, proper separation of a diatomic
molecule into two atoms) which was shown in paper II
and this remains even with the addition of the new term
(the second term) on the right-hand side of Eq. (2).

Here, the second-order approximation is referred to
as MRCPA (2) and the fourth-order approximation is
referred to as MRCPA (4). Their energies were obtained
by solving the following equation.X

l
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The second-order energy was obtained by using

Cjm � C�1�jm �5�
and the fourth-order energy was obtained by using

Cjm � C�1�jm � C�3�jm : �6�

This mixing meant rotation in the reference space due to
the inclusion of electron correlation. It may be signi®-
cant near the avoided crossing point.

The concrete computational schemes applied to F2,
As2 and As�2 will be described in the next section.

3 Calculations and results

Test calculations on BeH2, N2, H2O, FH and O2 are
reported in papers I and II. Here we have carried out
more extensive calculations on the systems with a larger
number of electrons.

3.1 F2

We carried out a calculation on the adiabatic potential
curve of the electronic ground state �1P�g � of the F2
molecule. We employed an extensive set of Slater type
orbitals (STOs), �6s4p�, given by Clementi and Roetty
[14] and its outermost 2p STO with an exponent of
1.2657 was replaced by two STOs with exponents of
1.466 and 0.957. In addition to the set, two 3d-type
STOs with exponents of 2.48360 and 3.9269 and a 4f -
type STO with an exponent of 3.898 were augmented.

Initially we carried out a complete active space self-
consistent ®eld (CASSCF) calculation with active or-
bitals of 3rg, 1pu, 1pg, and 3ru. The CAS con®gurations
are the following four con®gurations:

. . . 3r2g1p
4
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4
g3r
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. . . 3r2g1p
4
u1p

2
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4
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u ; �7c�

. . . 3r0g1p
4
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4
g3r

2
u : �7d�

Taking these as reference con®gurations, we carried out
SDCI and CPA calculations with 1rg and 1ru kept
frozen. In generating CSFs, the point group C1V ,
subgroup of D1h, was employed and the number of
CSFs was 77 474.

We then checked how size consistency was retained
by the CPA method. In order to do so, the same com-
putational scheme was applied to the ground state of F
atoms. As the CASSCF calculation with the previous
four con®gurations leads to the two F atoms in the
ground state con®guration,

. . . 2s22p5 ; �8�
at the dissociation limit, we carried out the SDCI and
CPA calculations of the ground state F atom by taking
the ground state CSF, (8), as a reference function by
keeping 1s as a frozen core. In Table 1, the total energy
of two F atoms obtained by atomic calculation is
compared with a molecular calculation with an inter-
nuclear separation of 50 a.u.. The energy di�erence by
CPA of each level [CPA (2) or CPA (4)] resulted at only
0.02 eV. This shows that the degree of approximation by
the CPA method does not decline as the number of
electrons increases twofold. In contrast, the energy
di�erence by the SDCI method amounted to 0.4 eV
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and this shows that the method su�ers from size
inconsistency.

The spectroscopic constants of F2 were calculated by
the four reference CSFs. In solving Eqs (1) and (2), the
sets of vectors were obtained only for the lowest two
states. Equation (4), therefore, reduces to a two-dimen-
sional problem. It was found that the interaction be-
tween the two components was too small to rotate
within the reference space. The results from the four
reference functions are shown in Table 2. The degree of
agreement with the experiment [15] using the CPA
method is almost the same as with the CI method.
Jankowski and co-workers [16] stressed the importance
of the inclusion of 2p in the active space when calcu-
lating the ground state wave function. The CASSCF
calculation taking 3rg, 1pu, 1pg, 3ru, 2pu, and 2pg as
active space was carried out and it was found that the
following con®gurations were signi®cant near the equi-
librium inter-nuclear distance:
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3
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. . . 3r1g1p
3
u1p

4
g3r

1
u2p

0
u2p

1
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3
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3
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0
u2p

1
u2p

1
g ; �9c�

as well as the previously mentioned four reference
con®gurations. The mixing of the ®rst two augmenting
con®gurations with the four reference con®gurations
describes the left-right correlation between r and p
electrons which is not taken into account when using
only the former four con®gurations. The seven con®g-

urations gave rise to 14 CSFs and we used them as
reference functions near the equilibrium inter-nuclear
distances. By keeping 1rg and 1ru as a frozen core, single
and double excitations generated 709 370 CSFs. Only
the lowest solution was utilized in obtaining the energy,
which meant a one-dimensional problem in solving
Eq. (4). By comparing the CI wave function, the lowest
state reference function seemed to represent the leading
part of the ground state approximately and higher state
solutions su�ered from a convergence problem. The
total energies for SDCI, CPA(2), and CPA(4) at the
respective equilibrium distance were ÿ199:31272 a.u.,
ÿ199:33865 a.u., and ÿ199:33855 a.u.. The resulting
spectroscopic constants are also included in Table 2 and
are compared with the previous best values of Jankowski
and co-workers [16], who utilized the MRSDCI scheme,
and observed values [15]. The spectroscopic constants
with the CPA method are in fairly good agreement with
the observed values, especially the best binding energy
which was obtained by 14RCPA.

3.2 As2 and As�2

We used one of the basis sets of segmented CGTOs used
previously by the present authors [18] for As2. This basis
set is a set of CGTOs �9s7p5d2f � designated as
``2d1f 1f 0=spd'' in the previous paper [18] and this is
fundamentally composed of the set of GTOs given by
ShaÈ fer and co-workers [19] with augmenting functions. A
detailed review of the theoretical calculations on this
molecule is presented and results of extensive second-
order (SO) CI calculations concerning 4s and 4p valence
electrons are reported in the paper [18]. Here we add that
the best binding energy even with a basis set which
includes up to g-type function, �8s6p4d2f 1g� and a multi-
reference variant of Davidson-type quadruple correction
[9], was 3.58 eV, which is compared with the experimen-
tal value of 3.99 eV [15]. The sizeable di�erence between
the calculated value and the experimental value re-
mained. This suggests that the inclusion of electron
correlation between the semi-valence �3d� shell and the
valence �4s; 4p� shell is worthy of further investigation.
Size consistency may be signi®cant in such a case,
because the number of electron pairs is increased more
than two-fold. Although the basic set used in this work is
slightly smaller than the best calculation and the binding
energy was 3.40 eV (including quadruple correction) by
the previous calculation with the present basis, spatial
extension of one of the two basic f -type functions
corresponds to that of the 4p region, whereas that of the
other f -type function corresponds to the region of the
average of the 4s and the 3d shell, so that the f -type
functions are intended to be e�ective in accounting for
electron correlation between the 3d shell and the valence
�4s; 4p� shell. In obtaining the total wave functions, we
used the natural orbitals (NOs) obtained from the wave
function by the previous SOCI calculation. The number
of CSFs amounts to the order of 106 even in the valence
shell correlated SOCI calculation [18]. The size of the
CSF set must be too large to carry out the calculation if
we include CSFs re¯ecting correlation between the 3d

Table 1. Comparison of total energies of two F atoms and F2 at
R = 50 a.u.

Two F atoms F2 at R=50 a.u. Di�erence

CASSCF )198.8224 a.u. )198.8192 a.u. 3.2* 10)3 a.u.
SDCI )199.2604 a.u. )199.2454 a.u. 1.5* 10)2 a.u.
CPA(2) )199.2779 a.u. )199.2786 a.u. 7* 10)4 a.u.
CPA(4) )199.2777 a.u. )199.2785 a.u. 8* 10)4 a.u.

Table 2. Spectroscopic constants of F2

Re (AÊ ) xe (cm
)1) De (eV)

Present
4RSDCI 1.422 877 1.45
4RCPA(2) 1.419 899 1.49
4RCPA(4) 1.419 900 1.49
14RSDCI 1.418 911 1.83a

14RCPA(2) 1.423 896 1.63
14RCPA(4) 1.423 896 1.63

Other calculations
Jankowski et al.b 1.420 ± 1.59
Cartwright and Hayc 1.418 946 1.85

Obs.
Huber and Herzbergd 1.412 917 1.66e

a 1.42 eV if the total energy of two F atoms is used for the dis-
sociation limit
b Ref. [16]
c Ref. [17]
d Ref. [15]
e Including the zero-point energy correction

167



shell and the valence �4s; 4p� shell electrons. We discard-
ed some NOs of very small occupation number, thus
suppressing the size of the CSF set to make the
calculations tractable. Although the D2h point group
(sub-group of D1h point group) was employed to
describe the wave function, the numbers of MOs of the
irreducible representations by D1h, rg, ru, pu, pg, dg, du,
/u, and /g, are 18, 18, 11, 11, 6, 6, 2, and 2, respectively,
whereas the numbers of MOs in the original set are 23,
23, 14, 14, 7, 7, 2, and 2, respectively. In the correlation
calculation, those MOs 1rg)5rg, 1ru)5ru, 1pu)2pu,
1pg)2pg were kept frozen and they are described mainly
by 1s, 2s, 2p, 3s, and 3p shells. A set of MOs mainly
composed of semi-valence �3d� shell functions are 6rg,
6ru, 3pu, 3pg, 1dg, and 1du. Those MOs of 7rg ÿ 8rg,
7ru ÿ 8ru, 4pu, and 4pg were primarily led by 4s and 4p
shells. Based on the results obtained by the previous
calculation [18], we selected nine CSFs which are given by
the following three con®gurations as reference functions
for the near-equilibrium inter-nuclear distances;
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In addition to them, the following six con®gurations
providing 11 CSFs were taken as reference con®gura-
tions at the inter-nuclear distance of 100 a.u.:
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The semi-valence MOs are doubly occupied in the
reference functions. These 20 CSFs compose a CAS
space within the active orbital space and guarantee
proper dissociation of the wave function so that the total
energy is additively separated into the two 4S0 states of
As atoms (paper II).

We applied the same occupational scheme to the
lowest state, 2Pu, of As�2 . The reference con®gurations
were as follows and 6 CSFs were generated from them:
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They are selected from CAS CSFs and the amplitudes of
the remaining unselected CSFs are negligibly small near
the equilibrium inter-nuclear distances.

The excited CSFs are generated by exciting electrons
from the valence �4s; 4p� shell to take only intravalence
shell correlation into account. The numbers of CSFs
were 172 023 for 9 reference CSFs and 333 378 for 20
reference CSFs. When the computational scheme was
further extended to include the correlation between

semi-valence (3d shell) and valence (4s, 4p shell) elec-
trons, single excitations were allowed from both semi-
valence and valence sets and double excitations were also
allowed from semi-valence and valence sets except for
simultaneous excitation from the semi-valence set. The
total numbers of CSFs including intravalence correla-
tion plus correlation between valence and semi-valence
were 1 005 121 with 9 reference CSFs and 2 065 494
with 20 reference CSFs.

In order to check how the truncation in both NOs
and CSFs a�ects the accuracy of the calculation, we
carried out CI and CPA including only intravalence shell
correlation with these reference functions and compared
the results with those of the previous SOCI [18] for As2.
The total energy at an inter-nuclear distance of 100 a.u.
and spectroscopic constants, De, Re, and xe of the
present CI calculation are compared with those of the
previous SOCI calculation; they were ÿ4468:44076 a.u.,
3.49 eV, 2.13 AÊ , and 431 cmÿ1 by the present calcula-
tion and corresponding values are ÿ4468:44318 a.u.,
3.56 eV, 2.14 AÊ , and 416 cmÿ1 by the SOCI calculation.
The truncation in both NOs and CSFs has only a small
e�ect on the spectroscopic constants. We further carried
out CPA calculations with 9 reference CSFs (20 refer-
ence CSFs at 100 a.u.). The corresponding values were
ÿ4468:46031 a.u., 3.70 eV, 2.14 AÊ , and 420 cmÿ1 by
CPA(2) and ÿ4468:46028 a.u., 3.69 eV, 2.14 AÊ , and
418 cmÿ1 by CPA(4). The binding energies by CPA(2)
and CPA(4) were much better than those reported so far.

The computational scheme was further extended to
include the correlation between semi-valence (3d shell)
and valence (4s, 4p shell) electrons. The computational
results are listed in Table 3 together with the calculations
which include only intravalence correlation and are
compared with the previous computational results and
experimental values. The CPA(4) scheme by intravalence
plus inter semi-valence and valence correlation gives the

Table 3. Spectroscopic constants of As2a

Re (AÊ ) xe (cm
)1) De (eV)

Present
Intravalence correlation
9RSDCI 2.127 431 3.49b

9RCPA(2) 2.136 420 3.70b

9RCPA(4) 2.136 418 3.69b

Intravalence plus inter 3d-valence correlation
9RSDCI 2.109 441 3.61b

9RCPA(2) 2.116 430 3.86b

9RCPA(4) 2.116 431 3.86b

Other calculations
Mochizuki and Tanakac 2.133 417 3.58
Sakai et al.d 2.164 410 3.17

Obs.
Huber and Herzberge 2.102 429.6 3.99f

a A comparison with other results is made in Ref. [18]
b The total energy of the dissociation limit is obtained by the 20
reference CSFs (CAS CSFs)
c Ref. [18]; including quadruple correction by multi-reference var-
iant of the Davidson scheme [20]
d Ref. [21]; a model potential treatment was used
e Ref. [15]
f Including the zero-point energy correction
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best agreement with the experiment [15] among the results
shown in the table. Inclusion of electron correlation be-
tween the 3d shell and the valence shell increases the
binding energy by about 0.17 eV, decreases the equilib-
rium inter-nuclear distance by about 0.02 AÊ , and in-
creases harmonic vibrational frequency by about
10 cmÿ1. A comparison with other calculations was pre-
sented in our previous work [18]. Here we compare the
present results with the best all electron calculation [18]
and the best model potential calculation by Sakai and co-
workers [21], which are included in Table 3. Our previous
calculation was a SOCI calculation including only intra-
valence correlation using various extensive bases [18]
whilst those shown in Table 3 are obtained by CGTOs of
�8s6p4d2f 1g�. The energy di�erence between their SOCI
and the present 9RSCDI with valence shell correlation
suggests that the binding energy by CPA including in-
tervalence and semi-valence correlation may be improved
by about 0.1 eV if g-type function is added to the basis set.
In the study of Sakai and co-workers [21], only valence
electrons are treated explicitly. By comparing their results
with the present results and our previous results [18], it is
found that 3d electrons should be taken into account
explicitly if we employ model potential.

The ionization potential (IP) is another good way of
checking for size consistency because of the di�erence in
the number of electrons. The results are shown in
Table 4 together with Re and xe. Among the present
calculations, val. SOCI means that correlation among
valence electrons is taken into account and 9R calcula-
tions include intravalence plus intervalence and semi-
valence electron correlation. The IPs by CPA lie between
the experimental IP to 2Pu3=2 and that to 2Pu1=2. If we
adopt experimental splitting, 0.174 eV, IP to the 2Pu3=2
state is estimated to be 9.61 eV and that to the 2Pu1=2
state is 9.79 eV by 9RCPA(4) and they are in excellent
agreement with experimental results [22], 9.636 eV

�2Pu3=2� and 9.810 eV �2Pu1=2�. Agreement is much
better than with the present CI and the other CI [22]. A
comparison between val. SOCI and 9RSDCI indicates
that the inclusion of intervalence-3d electron correlation
increases IP by about 0.12 eV and is also signi®cant in
predicting IP of As2.

4 Summary

A program code of the MRCPA theory was developed
using Alchemy II. The program code was applied to F2
and As2 molecules. Through the computation on F2, it
was shown how size consistency is realized by the
MRCPA method and how very good agreement of
calculated spectroscopic constants with experimental
data [15] was obtained by MRCPA. Theoretical predic-
tion of the binding energy of As2 was a very di�cult
problem. The present calculation showed that inclusion
of electron correlation between the semi-valence �3d�
shell and the valence �4s; 4p� shell was signi®cant
together with intravalence correlation. Again very good
spectroscopic constants of the molecule were obtained
by the present method. The IP was also calculated and
the best agreement with experimental data [22] was
obtained by the present method.
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